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Granular material in a cylindrical vessel undergoing rotational and rocking motions 
is modeled using a discrete element method. Rotational motion supplemented by rock- 
ing is compared to purely rotational motion via linear density profiles, velocity fields, 
and axial concentration profiles. The rocking motion, which imparts a time-dependent 
flow perturbation to purely rotational motion, dramatically enhanced mixing in labora- 
t o y  studies. Simulation results appear to agree well with experimental results and obser- 
vations. 

Introduction 
Many technical fields deal with mixing of granular materi- 

als, including chemical, agricultural, ceramic, mechanical, civil 
and soil engineering, the life sciences, physics, and pharmacy. 
Although researchers in these fields consider a wide range of 
physical characteristics and flow regimes, they share a com- 
mon interest: the need to understand and characterize bulk- 
flow powder behavior. Powder processing has been recently 
characterized by chemical engineers as having a legacy of ne- 
glect (Ennis et al., 1994). Awareness of this neglect has moti- 
vated a recent resurgence of both experimental investigations 
(McCarthy et al., 1996; Hill and Kakalios, 1995; Brone et al., 
1997) and theoretical approaches (Johnson et al., 1990; Ed- 
wards and Mounfield, 1996). It has become fashionable in a 
sense to study powders, not only because of their complexity 
but also because there is a growing need in industry to reli- 
ably manufacture high-quality products. 

Although practitioners have attempted to handle powder 
problems using empirical approaches, more detailed studies 
of the physics of powders are required. Some researchers have 
suggested that granular materials might be a different state 
of matter (Jaeger et al., 1996). Interest in the physics of pow- 
ders has increased dramatically in the past decade, starting 
with the analysis of sand piles (Baxter et al., 1989, 1993; Bak 
and Chen, 1991), prompted by analogies with self-organized 
critical systems (Bak et al., 1988). Fundamental questions 
concerning how and why granular materials behave alterna- 
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tively like a liquid when flowing down an inclined chute and 
like a solid when forming a sloping surface remain to be an- 
swered (Glanz, 1995). A growing research community is cur- 
rently investigating microscopic theories (Jaeger et al., 1996; 
Jaeger and Nagel, 1992; Evesque and Stefani, 1991; Evesque 
et al., 1992; Mehta, 19941, as well as unit operations typically 
found in industry, such as blending, sampling, discharge, flu- 
idization, and granulation. The kinetic theory developed for 
fast-flowing low-density solids has achieved some success in 
modeling Couette flows and flows down inclined planes, but 
industrial systems are often more complex. Civil and soil 
engineers are mainly interested in strain effects (failure) pro- 
duced by external forces and the effect of time on the devel- 
opment of strain. The chemical engineering community, on 
the other hand, has focused primarily on mixing and trans- 
port. For example, a mixing question concerning the produc- 
tion of pharmaceutical tablets is whether a multicomponent 
batch of material is sufficiently mixed to meet imposed toler- 
ances. A common approach to powder blending is to use a 
tumbling blender, which is essentially a hollow vessel at- 
tached to a horizontal rotating shaft. While efforts have been 
made to design mixing processes that maximize homogeneity 
and minimize mixing times, mixers are usually designed by 
trial and error, and mixing flows within them are poorly un- 
derstood. 

It was found in laboratory studies that time-dependent flow 
perturbations can dramatically enhance mixing in granular 
systems. Previous experimental studies (Wightman and 
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Muzzio, 1997; Wightman et al., 1995) showed that applica- 
tion of small-amplitude vertical rocking motion resulted in 
very significant enhancements in the axial mixing rate in a 
rotating cylinder. In this article, discrete element simulations 
are used to gain further insight into the effects of rocking 
flow perturbations. Granular mixing inside a cylinder that 
rotates about a horizontal axis and rocks in the vertical di- 
rection is adopted as a case study. After a brief review of 
directly relevant recent literature, the discrete element 
method (DEM) is briefly described. The main parameters af- 
fecting mixing performance and their results are also dis- 
cussed. 

Background 
An important fundamental step toward the full control of 

powder-mixing processes is to understand the dynamic mo- 
tion of particles within blenders. In recent years there has 
been considerable work in this direction. A recent survey of 
computer simulations dealing with granular materials, struc- 
tures, flows, and vibrations is given by Barker (1994). Many 
theories have been proposed to model the dynamic behavior 
of the granular materials. Most of the models that have been 
developed fall into three categories: continuum approaches, 
kinetic theory, and discrete models. 

Continuum models are based on the general principles of 
continuum mechanics. Individual particles are ignored, and it 
is assumed that the granular material consists of continuous 
matter that obeys conservation of mass, momentum, and en- 
ergy. The behavior of the material is then described by con- 
stitutive equations. These equations often fail to take into 
account real material parameters such as plasticity, com- 
pressibility, and cohesiveness, and experimental data needed 
to calculate required parameters and to test continuum theo- 
ries are not available. 

Models based on kinetic theory, which exploit similarities 
between the interacting grains in a granular material and 
the colliding molecules in a dense gas, work well when the 
material behaves like a liquid, for example, for noncohesive 
materials flowing down inclined chutes, but fails when the 
material shows nonfluid characteristics, such as the forma- 
tion of a sloped surface. 

Discrete models such as the one used in this article con- 
sider the granular material as a collection of a large number 
of discrete solid particles that move independently from one 
another. The simulation algorithm, which is known as the dis- 
crete element method (DEM), was originally developed by 
Cundall and Strack (1979), and models granular systems as a 
collection of discrete particles that move as a result of glob- 
ally applied forces (such as gravity) and interact through sur- 
face contacts. In principle, simulated particles can have any 
shape, such as disks, spheres, or polygons, but complicated 
shapes increase the complexity of the algorithm for contact 
detection and add to the computational cost. The major 
drawback to this approach is the extremely large computer 
resources required even for relatively small numbers of parti- 
cles. 

The flow of granular material in a rotating cylinder, the 
case considered in this article, has been modeled by several 
investigators (Mishra and Rajamani, 1990; Walton and Braun, 
1993; Ristow, 1994; Buchholtz et al., 1995; McCarthy et al., 

1996). Walton and Braun (1993) examined rotation rates from 
quasi-static to centrifugal. Using both round and square par- 
ticles, they performed computations that predicted the angle 
of repose as a function of interparticle friction and rotation 
speed. Mishra and Rajamani (1990) simulated media motion 
in a ball mill in two dimensions and compared results with 
experiments. One comparison showed that the position of two 
arbitrary balls can be accurately tracked and matched to the 
simulated trajectories. Buchholtz et al. (1995) performed 2-D 
simulations with square particles in a circular mixer, and 
Baumann et al. (1995) used segregating assemblies. Mc- 
Carthy et al. (1996) examined traverse (cross-sectional) mix- 
ing in a slowly rotating, quasi-2-D cylinder using mixtures of 
small cubic particles as well as large spherical particles. Algo- 
rithms to handle more complicated particle geometries have 
also been developed. Ghaboussi and Barbosa (1990) pre- 
sented a 3-D model where individual grains are represented 
as rigid hexagonal solids that can rotate and undergo differ- 
ent types of contact. More recently, Hogue and Newland 
(1994) modeled contact detection for 2-D irregular-shape 
particles. So far, DEM has been applied to realistic engineer- 
ing problems in just a few cases. Researchers have typically 
limited their work to at most a few thousand particles of sim- 
ple shape in geometries. All of the studies mentioned earlier 
were either strictly 2-D (planar particles in a planar flow do- 
main) or quasi-2-D (shallow cylinders with periodic boundary 
conditions in the axial direction). To the best of our knowl- 
edge, this article describes the first simulation of a nontrivial 
3-D velocity field (combination of axial rotation and vertical 
rocking) in a fully 3-D geometry (a long cylinder with rotating 
axial boundary conditions). 

Discrete-Element-Method Simulations 
The computer models and algorithms used here were origi- 

nally developed at the Lawrence Livermore National Labora- 
tory (Walton, 1993b). In all the simulations reported in this 
article, particle trajectories are obtained by solving Newton’s 
equation of motion, rn(du/dt) = C F .  Particles are allowed to 
overlap at contact points where it is assumed that particle 
deformation is negligible compared to the particles’ displace- 
ments as rigid bodies. Each particle in the simulated system 
may interact with its neighbors or with the boundary only at 
contact points through normal and tangential forces. The 
normal forces between pairs of particles in contact are calcu- 
lated using either Hertz’s impact theory (Walton, 1993) or the 
partially latching spring model of Walton and Braun (1986). 
Inelasticity of collisions is incorporated into simulations by 
including a coefficient of restitution e, defined as the nega- 
tive of the ratio of the recoil to incident speeds in the normal 
direction. Contact forces are calculated using a bilinear spring 
model for the normal-direction force and a nonlinear, hys- 
teretic model for the tangential force. Stiffness coefficients 
are chosen to be large enough to ensure that overlap remains 
small compared to particle size. Tangential contact forces are 
calculated using the incremental slipping model of Walton 
and Braun (1986). After contact occurs, tangential forces build 
up nonlinearly, causing displacements in the tangent plane of 
contact. The initial tangential stiffness is taken to be a frac- 
tion of the normal stiffness. A Coulomb-type friction law is 
assumed to apply; if the calculated magnitude of the shear 
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force at contact points exceeds the product of the normal 
force and the coefficient of friction, sliding occurs. The re- 
sultant force on each particle is given by the sum of all the 
contact forces and the gravitational force, and the resultant 
torque is calculated from the tangential contact forces. 

Newton’s second law is expressed as a first-order differen- 
tial system of equations for positions and velocities: 

Assuming the contact forces, F(x, y, z ) ,  to be constant during 
a time step, the system is integrated forward in time using a 
central difference scheme. Particle positions are calculated at 
each time step, and velocities are calculated at half time steps, 
forward in time using a “leap frog” method (Allen and 
Tildesley, 1987). Euler’s equations of motion are also inte- 
grated using a similar algorithm. Only the angular velocities 
are integrated, since the angular displacements need not be 
integrated for spherical particles. Due to the explicit nature 
of the integration scheme, to achieve reasonable accuracy and 
preserve numerical stability, the time step is a small fraction 
of the critical time step (Walton and Braun, 1986) and is on 
the order of lo-’ s. 

In order to minimize the amount of time spent detecting 
contacts, a Verlet’s list of neighbors is constructed (Allen and 
Tildesley, 1987). Particles located within a “cutoff’ distance 
from a given particle are considered to be elements of that 
particle’s neighbor list. This concept is illustrated in Figure 1. 
where particles 3, 4 and 5 are elements of particle 1’s neigh- 
bor list. Contacts with a given particle are sought only among 
the elements of its neighbor list. This list is constructed at the 

Figure 1. Cutoff sphere for particle 1, with particles 3, 
4, and 5 in its neighbor list. 

Table 1. Summary of the Simulation Runs Discussed in 
This Article 

No. of Rotat. Freq. Fraction 

10,000 R = O  S l = l , 2  0.28 
R = O  fl = 1, 1.8 and 2 0.36 
n=0 0 = 1, 1.8 and 2 0.40 
n=0 n = 1 . 2  0.50 

25,000 n=o R = 1 , 2  0.50 

Pure Rocking Fill 

- 
Particles Motion ( p = - lo” Rock.) J 

beginning of the simulation and updated whenever a particle 
moves a distance greater than half the cutoff distance from 
the last update (approximately every - 1,000 time steps). Al- 
though DEM is more physically realistic than continuum ap- 
proaches, it currently requires extensive computer resources 
to simulate physically meaningful numbers of particles. Simu- 
lations of just 10,000 particles, with properties as described in 
Table 1, take - 48 h of CPU time for 1 s real time on a Sun 
SPARC 20.6 workstation. 

The mixing vessel considered here is a 3-D rotating hori- 
zontal drum partiaily filled with inelastic, frictional spherical 
particles. Solid rotating boundaries at both ends of the cylin- 
der are used here to increase relevance and realism. While 
the presence of end walls both adds complications to the sim- 
ulation of particle motion (due to particle-boundary interac- 
tions) and emphasizes the finite size of the simulations, the 
presence of end walls approximates experimental conditions 
more closely than periodic boundaries. 

Rocking motion is incorporated into the simulation by ro- 
tating the gravity vector with a sinusoidal time-dependent 
function (Figure 2a). This technique is only valid if the iner- 
tial effect of the vertical motion at the ends of the rocking 
cylinder can be neglected. In the simulations in this article, 
the maximum vertical acceleration of the end of the rocking 
cylinder was less than 1.25 X g. A rocking cycle is de- 
fined as the downward pivot of the vessel and its return to 
the horizontal position. The rocking motion is characterized 
by the parameter a, defined as the number of rocking cycles 
per revolution. Figure 2b depicts the magnitude of the rock- 
ing angle and the corresponding gravity force along the axis 
in the x-direction. Herein we investigate the effects of vary- 
ing the rocking frequency 0 on both radial and axial mixing. 

Conditions/parameters 
Computer simulations reported here consider a horizontal 

drum mixer with a diameter of 126 mm (106 mm diameter is 
used in one simulation). The vessel is loaded with 10,000 to 
25,000 spherical particles with a uniform diameter of 3.78 mm, 
giving 25 to 50 particle diameters in the axial direction. The 
speed of rotation is kept constant at o = 1.57 rad/s (15 rpm) 
in all simulations. This speed corresponds to about 13% of 
the critical speed of 119 rpm. Table 1 shows a list of cases 
considered in this article. 

The data structure for each particle includes its shape, size. 
density, moment of inertia about its center of mass, coeffi- 
cient of restitution, particle-particle friction coefficient, 
particle-wall friction coefficient, position, velocity, and ori- 
entation. These conditions determine the outcome of the 
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(b) 

Figure 2. (a) Experimental rocking motion (left) with the 
drum tilted by an angle p and returned to the 
horizontal position in one rocking cycle, and 
the computational rocking motion (right) with 
rocking modeled by rotating the gravity vec- 
tor; (b) magnitude of rocking angle p and the 
corresponding gravity force along the axis in 
the x-direction for Cn = 1. 

simulation. Parameters required in the normal and tangential 
force models are the coefficient of restitution, normal stiff- 
ness, interparticle friction, particle-wall friction, and tangen- 
tial stiffness. Table 2 summarizes the parameters assigned at 
the start of the simulation. The particles are assigned a resti- 
tution coefficient equal to 0.85 that is similar to that of glass 
beads (Walton and Braun, 19931, an interparticle friction co- 
efficient, p p  = 0.4, and a particle-wall friction coefficient, pW 
= 1.0, that are based on Walton and Braun’s data relating the 
angle of repose to the friction coefficient and rotational speed 
(Walton and Braun, 1986, 1993; Walton, 1993). In one simu- 
lation case, the particle-wall friction coefficient is reduced to 
0.4. 

Table 2. Parameter Values Used in the Simulations 

Parameter 
Particle diameter 
Drum diameter 
Particle density 
Coeff. of restitution 
Normal-force coeff. 
Tangential/normal stiffness 
Particle-particle friction coeff. 
Particle -wall friction coeff. 
Rocking frequency 
Rotation rate 

Symbol Assigned Value 
dP 3.78 mm 
D 106; 126 mm 
PP 2.5 g/cm3 
e 0.85 
K ,  2,000 
K d K ,  
PP 

0.7 
0.4 
0.4; 1.0 
0, 1, or 2 
1.57 rad/s 

2 
0 

Figure 3. Tagging conditions for two loading strategies: 
(a) front-to-back and (b) side-by-side. 

Velocity profiles, mixture patterns, and mixing perform- 
ance are examined for 5050 mixtures of components that dif- 
fer only by color. First, the particles are randomly loaded into 
the bottom half of the horizontal drum, and assigned an aver- 
age initial velocity that facilitates gravitational settling. Parti- 
cles are tagged by color based on their location. At t = 0 s, 
the cylindrical boundary begins rotating. Two tagging strate- 
gies are used to mimic different experimental initial condi- 
tions: front-to-back (Figure 3a) and side-by-side (Figure 3b). 
Since the particles move slightly during the settling 
process, tagging is performed at t = 0.5 s for front-to-back 
loading. The main features of the flow (solid body rotation in 
the lower portion of the bed, cascading motion on the upper 
surface) develop within 0.5 s. 

Due to computational limitations, simulations are re - 
stricted to a much smaller number of particles than in previ- 
ously communicated laboratory experiments (Wightman and 
Muzzio, 1997; Wightman et al., 1996). Hence, to allow closer 
comparison, additional experiments were carried out using 
modified conditions. Commercially available 4-mm red and 
blue spherical glass beads (Jaygo, New Jersey) were loaded 
into a 106 X 140-mm drum vessel in a side-by-side configura- 
tion. The mixtures were solidified with gelatin, subsequently 
sliced, and compared with a simulation using 10,000 spherical 
particles for the parameters shown in Table 2. 

Results and Discussion 
Velocity profiles for pure rotation 

Given that the time step is on the order of lo-’ s ,  and that 
position and velocity updates are performed for every time 
step, the instantaneous snapshot of the velocity field, com- 
puted as the time derivative of position, shows a great deal of 
variability. To obtain a more meaningful depiction of the flow, 
a spatially and temporally averaged velocity field is com- 
puted, obtaining a much smoother result. First, the domain is 
divided into zones slightly smaller than the particles them- 
selves. The velocity of particles visiting each zone is recorded 
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and averaged over many time steps. The averaged velocity 
field of the cascade layer, viewed along the axis of the cylin- 
der for purely rotational motion (a = 01, is shown in Figure 
4a. Most of the particles move in parallel paths from the top 
to the bottom of the cascade. This pattern is well known from 
experimental work (Hogg et al., 1966; Lacey, 1945). Axial 
movement occurs as a result of instantaneous impact colli- 
sions. Cross-sectional averaged velocity profiles for pure rota- 
tion (a= 0) are shown in Figures 4b-4f for varying fractions 
of fill volume J = 0.28, 0.36, 0.40, 0.50, and 0.66, respectively. 
All runs involve 10,000 particles. To keep the number of par- 
ticles constant, the length of the vessel varies to correspond- 
ing values of 142, 119, 102, 80, and 62 mm. For low fillings 
(J = 0.28), the profiles depict a thin layer of particles travel- 
ing with the rising drum wall. Particles immediately above 
this layer also move in the direction of the rotating drum, but 
rotation is disordered and intermingling occurs between lay- 
ers. The moving layers reach the surface and slump down- 
wards over the particles moving upward. The bed exhibits 
movement between layers along with recirculation patterns. 
Observations in the laboratory with 4-mm glass beads at the 
same rotation rate (15 rpm) confirm both the presence of the 
layer adjacent to the wall and the slumping motion on top of 
the cascade. 

A more regular cascade and an off-center recirculation 
pattern are observed in Figure 4c for a fill fraction of J = 0.36. 

I f )  

Figure 4. Average velocity field for pure rotation. 
The figure shows (a) the cascade region for J = 0.5 and also 
cross sections of the mixer for fill fractions of (b) J = 0.28, 
(c)  0.36, (d) 0.40, (e) 0.50, and (f) 0.60. 

The thin layer of particles rotating with the wall is also ap- 
parent, and likely due to p, > p p .  Above this layer and in 
the upper half of the bed, the particles appear to intermingle 
between layers. For J 2 0.40, a transition occurs, and the ve- 
locity field shows orderly solid-body rotation through most of 
the bed, as well as a smooth, continuously flowing cascade at 
the free surface. A stagnation point develops at the center of 
the lower boundary of the cascade region, surrounded from 
below by particles moving in solid-body rotation and from 
above by a layer of particles streaming at the cascade region; 
however, for filling levels J<O.50, the cascade layer inter- 
sects the solid-body rotation trajectories, and no stagnant re- 
gion exists in the vessel. In Figure 4d the cascade layer 
appears to be - 4  particles thick. Each vector in Figure 4 
represents a particle, and the measure of the layer thickness 
can be accomplished by connecting vectors (streamlines) in 
the quiver diagrams. Laboratory observations with 4-mm par- 
ticles at 15 rpm again confirm these observations: the cascade 
layer is two to four particles thick, and the inner layers ex- 
hibit solid-body rotation. These prominent features of the 
bulk flow observed in the laboratory agree well with the 
time-average velocity profiles. 

Unlike observations at lower fillings, at J = 0.50 both the 
average and the instantaneous velocity profiles reveal a 
smooth bulk flow (Figure 4e). The rotating bed moves with 
solid-body rotation, and both a well-developed cascade and 
nearly stagnant central core zone develop. There is minimal 
mixing between layers as they move in solid-body rotation 
with the wall. Because the bulk-flow pattern is smooth and 
well-organized, these observations are easily confirmed in 
laboratory experiments. Using an image-processing device to 
examine a 2-D rotating cylinder filled with 3-mm steel balls, 
Rajchenbach et al. (1993) measured velocity fields that ap- 
pear very similar to those shown in Figure 4e. 

For filling levels J > 0.50, another transition occurs. Figure 
4f shows the velocity field obtained for J = 0.66. Although 
the velocity profile depicts the same number of layers under- 
going solid-body rotation as in the previous case, a stagnant 
core region is observed at filling levels J > 0.50. For such 
cases, the cascading region ends above the stagnation point. 
Particles close to the stagnation point travel along closed 
solid-body rotating trajectories in a circular pattern consis- 
tent with observations made by other investigators (Hogg and 
Fuerstenau, 1972), and do not experience convective mixing 
with the surrounding granular material. Only dispersive mix- 
ing mechanisms are available to such particles, and under such 
conditions cross-sectional mixing is much slower. As the fill- 
ing level increases further, the stagnant core grows in size 
and the cascade layer decreases in depth; both conditions ef- 
fectively reduce mixing. In laboratory experiments, the cas- 
cade has a thickness of one particle diameter at the top of 
the cascade, grows to approximately three particle diameters 
in the middle of the cascade, and reduces back to one parti- 
cle diameter at the bottom. A similar pattern is observed by 
the simulations in Figure 4f. In summary, a comparison of 
visual experiments and simulations indicate that the simula- 
tions closely predict bulk flow behavior for a number of fill 
volumes. Imaging photographs of laboratory experiments also 
agree with these descriptions (Rajchenbach et al., 1993). 

Figure 5a shows the cross section of the drum with the 
particle motion along a vessel diameter perpendicular to the 
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Figure 5. (a) View; (b) measured values of the particle 
motion parallel to the free surface along a di- 
ameter perpendicular to the free surface for 
J = 0.5 at 15 rpm. 

free surface (line ce). The actual velocity profile along this 
line is shown in Figure 5b. At point d ,  there is a discontinuity 
in the flow where particles above and below point d move in 
different directions. Similar profiles were found by magnetic 
resonance imaging (MRI) (Nakagawa et al., 1993) and by an 
imaging device at the end wall (Rajchenbach et al., 1993). 
Our simulations and these experiments agree in the following 
aspects: (1) the layer thickness is maximum near the midpoint 
(point c) of the cascade layer, (2 )  the velocity increases with 
distance from the boundary between the bed and the cascade 
layer (point d )  to the free surface, and (3) the velocity varies 
across the layer from the top surface angle to the bottom 
(line ab), exhibiting a maximum near the midpoint (point c). 

Average velocity projiles for rotation with rocking 
= 2, the velocity is again averaged 

spatially and temporally at corresponding times for every 
rocking period. Figures 6a-6f show the velocity in the cas- 
cade layer (Figure 6a) and at five cross-sectional slices of the 
mixture (Figures 6b-6f) for 0 = 2 at time t = 0.997, where 7 
is the time for one rocking period. As shown in Figure 6a, the 
rocking motion creates a net axial flow in the cascade layer 
where particles move at an angle across the cascade, com- 
pared to a nearly straight line flow for R = 0. The volume of 

For the rocking case, 

! .  
i 
i 1 

/ \ 

Figure 6. (a) Average velocity in the cascade layer at 
~ = 0 . 9 9  for Q=2, J=O.5; (b-f) cross-sec- 
tional slices along the axis at (b) 17 mm, (c) 
67 mm, (d) 100 mm, (e) 133 mm, and (f) 191 
mm. 
The rocking motion creates an axial flow in the cascade 

layer where particles move at an angle across the cascade. 

material at the end of the vessel close to the pivot point de- 
creases during rocking motion (Figure 6b), but the entire bed 
of particles retains solid-body rotation at this fill level ( J =  
0.5). At the opposite end, particles flow toward and collide 
with the end wall, creating a temporarily larger stagnant zone 

J=0.21 

Figure 7. The shape of the free surface for varying fill 
volumes. 
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Figure 9. Cascade layers at N = 3 revolutions for the 
side-by-side loading condition for (a) a labo- 
ratory experiment and (b) a simulation. 
The bands indicate that material near the wall does not nec- 
essarily rotate a t  the same rate as material in the bulk. 
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(Figure 6f). Compared to pure rotation, the flow is disrupted 
because the layers form the core shift positions. This bulk-flow 

0 20 40 60 80 loo effect has a significant impact on axial mixing, as shown later 

Horitzontal Axis (mm) 
(c) 

in a comparison of axial concentration profiles in the subsec- 
tion on mixing dynamics. 

Figure 8. (a) pL vs. position for a= 0 from t = 0 to 5.5 
s; (b) pL for a = 1 ( p =-lo", unidirectional 
rocking). 
The open circles are the initial condition. The lines are fit- 
ted to PL for one entire rocking cycle. During rocking, PI. 
decreases at one end of the drum and increases at the other 
end, but it does not revert to a flat uniform profile when the 
drum returns to the horizontal position. 

Shape of the free surface 
Our computations show that the shape of the free surface 

in the direction O f  the cascade changes with fill level in a 
manner similar to experimental observations reported in the 
literature (Rose and Sullivan, 1958). Figure 7 shows the re- 
sultant free-surface shape for varying fill fractions found for 
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Figure 10. Time evolution of simulations (left) vs. experiments (right) using the same-size particles and vessel diam- 
eter. 
The particles were loaded side-by-side. At N = 2, 3, and 4 revolutions, the cross section in the middle of the mixtures reveals qualitative 
agreement. 
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15 rpm. For low fillings, such as J = 0.28, slumping occurs 
where particles at the highest point of the surface collectively 
slump downwards over the bed of particles moving upwards. 
The shape and slope of the free surface for J = 0.28 do not 
necessarily remain the same over time; however, the sketch 
shown here is typical of the shape found in the simulations. 
At higher fill fractions, the free surface is consistently flat 
during rotation. 

The axial variation of the free surface is characterized in 
terms of the parameter pL, which is defined here as the num- 
ber of particles per unit of axial length of the vessel, normal- 
ized by its average value. Figure 8a shows pL vs. position for 
R = 0 from t = 0-5 s (to the best of our knowledge, no exper- 
imental results are available to compare with these computa- 
tional results). For pure rotation, pL is constant; pL = 1 along 
the horizontal axis for all times. However, during rocking pL 
decreases at one end of the drum and increases at the other 
end. Figure 8b shows pL for R = 1 ( p = - lo", i.e., unidirec- 
tional rocking) over an entire rocking cycle. The bed does not 
return to the uniform initial loading condition when the drum 
returns to the horizontal position. The periodicity of pL 
closely matches the periodicity of rocking; however, inertial 
forces cause the minimum and maximum value of pL to oc- 
cur at T > 0.5. For example, during the rocking cycle between 
16 and 20 s, pL shows a minimum and maximum at 18 to 19 
s. For R = 2 as shown Figure 8c, pL fluctuates similarly as 
for R = 1. 

Mixing patterns for pure rotation 
Mixing patterns for pure rotation are shown in Figure 9 for 

N = 3 revolutions, side-by-side initial loading (Figure 3b). The 
pattern of mixing in the cascade layer is also viewed along 
the axis of the drum for a laboratory experiment and a simu- 
lation (Figures 9a and 9b, respectively). The experiment in- 
volves 4,000 p m  red and blue particles. The simulation drum 
considers 25,000 particles ( J  = OS), and the mixer length is 
equivalent to 53 particle diameters. End-wall effects are ap- 
parent in the curvature of the initially straight boundary be- 
tween the red and blue particles. Material at the walls rotates 
at a different rate than material in the bulk. Particles at the 
curved surface experience partial slip, while particles at the 
end wall stick to the wall. The comparison of the patterns 
shows good qualitative agreement (note that the experiment 
and simulation involve different-size particles). Cross- 
sectional slices of the mixtures close to the walls show some- 
what different mixing patterns than slices in the center 
(Wightman et al., 19951, demonstrating that end-wall effects 
can be significant in both simulations and experiments. 

Mixing dynamics 
In this section, we use both computational and experimen- 

tal results to examine the evolution of the mixing process. 
First, for illustration purposes, simulated and experimental 
cross-sectional mixing patterns obtained under pure rota- 
tional motion (no rocking) using the same-size particles and 
vessel diameter are shown in Figure 10. The particles are 
loaded side by side (Figure 3b) with red particles on the right 
side and blue particles on the left of the initial interface. The 
drum is rotated clockwise. Figures lob-1Oc show both simu- 
lated and experimental slices for N = 2, 3, and 4 revolutions. 
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Figure 11. Axial profile of the fraction of red particles 
vs. initial interface for (a) R = 0, (b) R = 1, 
and (c) a= 2. 
The axial profile confirms laboratory cxperimcnts that in- 
dicate a trend of enhanced mixing with a time-dependent 
rocking perturbation. For $1 = 0, very little axial mixing 
takes place with increasing N .  For both $1 = 1 and $1 = 2, 
the extent of axial mixing increases as N increases. 

While experimental and simulated patterns are not identical, 
the mixtures exhibit good qualitative agreement, indicating 
that the simulations capture the macroscopic bulk flow of 
laboratory experiments (the number of particles in each cross 
section is insufficient to perform a meaningful statistical 
comparison). 
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Figure 12. Axial profile of the fraction of red particles 
vs. initial interface at N = 5 ,  n=O, 1, and 2. 

The axial movement of particles starting from a front-to- 
back condition (Figure 3a) was determined for R = 0, 1, and 
2 at N = 0 to 5 revolutions. Figure 11 illustrates the axial 
profile where the fraction of red particles is plotted vs. the 
distance from the initial interface. In agreement with previ- 
ous experimental work (Wightman and Muzzio, 19971, very 
little change is observed in the axial profile for R = 0. Differ- 
ent behavior is displayed in Figures l l b - l l c  for R = 1 and 
R = 2.  In both cases, the axial homogeneity increases with 
increasing N .  In Figure 12 we compare the overall extent of 
mixing at N = 5 revolutions for R = 0, 1, and 2. Similar to 
experiments with 60-pm and 600-pm particles (Wightman et 
al., 1995; Wightman and Muzzio, 1997), axial mixing is again 
enhanced by rocking. Experiments for R = 2 with 60-pm and 
0 = 1.8 with 600-pm particles resulted in significantly faster 
mixing than for R = 1 with both types of particles. 

Figure 12 shows experimentally measured axial profiles ob- 
tained for N = 20 revolutions, R = 0, 0.6, 1, 1.8, and 2, using 
200-pm particles and a speed of 5 rpm. The figure clearly 
demonstrates that rocking motion enhances axial mixing; all 
profiles obtained using rocking motion demonstrate a larger 
extent of axial homogenization than the profile correspond- 
ing to R = 0. In Figure 13, R = 2 leads to the fastest mixing, 
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Figure 13. Experimental axial profile of the fraction of 
red particles vs. initial interface at N = 20, 
f k = O ,  0.6, 1, 1.8, and 2 at 5 rpm using 
200- pm particles. 

followed by R = 1.8, 1.0, 0.6, and 0.0 (in that order). The 
simulation also shows that mixing is enhanced by rocking mo- 
tion; for both R = 1 and R = 2 the profiles depart more ex- 
tensively from the initial steplike condition than for R = 0. 
While in the simulations R = 1 gives slightly better mixing 
than R = 2 ,  this difference with experiments can be due to 
the fact that the simulations correspond to widely different 
particle sizes (4,000 p m  vs. 200 pm) and different rotating 
speeds (15 rpm vs. 5 rprn). On the other hand, the observed 
differences may be due to the small number of particles used 
in the simulations, and it is possible that they would not per- 
sist over long times. 

For a binary system loaded side by side with different col- 
ors, the extent of mixing can be measured in a cross section 
of the mixer by the number and width of striations, where a 
striation is defined as a layer of a single color. For short mix- 
ing times, the colors are largely segregated from one another 
and intermingling is limited to a few thin striations located at 
the boundaq between the two colors. Figures 14a and 14b 
illustrate the cross section of the drum at x = 0.03 m for R = 0 
and R = 1 at N = 2. Although the number of striations is the 
same for R = 0 and R = 1, the striations are stretched thin- 
ner for R = 1 compared with R = 0. For smaller particles, we 
would expect an intermeshing pattern of increasingly thinner 

Figure 14. For side-by-side initial loading, the cross- 
sectional slice at x = 30 mm for (a) = 0 and 
(b) = 1 at N = 2. 
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striations, which persist until they become indistinguishable. 
Such patterns are  found in the experimental structures of 60- 
p m  particles mentioned earlier. T h e  figure parts also indi- 
cate that although the drum has returned t o  the horizontal 
position, the material does not level out, as evidenced by the 
different depths of the cross-sectional slices. This observation 
mimics experimental results. 

Conclusions 
Particle dynamic simulations were applied to a 3-D drum 

to  characterize flow and mixing in a rotating and rocking 
cylinder partially filled with inelastic, frictional, spherical 
particles. Solid rotating boundaries a t  both ends of the cylin- 
de r  were used to  facilitate comparisons with experiments. 
Velocity profiles generated in the simulation matched those 
found by MRI and video imaging. Similar to experimental 
results, axial composition profiles showed that addition of 
rocking motion to  a rotating d rum improved axial mixing 
compared to  purely rotating motion. Linear density profiles 
also matched expected results. Particle dynamic simulations 
show promise for gaining insight into flows in more compli- 
cated geometries, such as V-blenders and 3-D funnel dis- 
charge. As computational capabilities are increased in the fu- 
ture, these more complicated velocity fields could be  gener- 
ated by DEM, and then placed into faster simulating tech- 
niques to  understand increasingly complex powder-mixing 
processes. 

Notation 
F = force from applied loads 
g = acceleration of gravity 

K, = normal force unloading stiffness 
M = number of particles in a zone 
Np = number of particles 

r = position 
LJ = velocity 
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